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Abstract. We introduce a new class of noncommutative rings - Galois orders, realized as 
certain subrings of invariants in skew semigroup rings, and develop their structure theory. The 
class of Galois orders generalizes classical orders in noncommutative rings and contains many 
classical objects, such as the Generalized Weyl algebras, the universal enveloping algebra of 
the general linear Lie algebra, associated Yangians and finite VF-algebras and certain rings of 
invariant differential operators on algebraic varieties. 
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1. Introduction 

Let r be an integral domain and U D T an associative noncommutative algebra over a base 
field k. A motivation for the study of pairs " algebra-subalgebra" comes from the representation 
theory of Lie algebras. In particular, in the theory of Harish-Chandra modules U is the universal 
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enveloping algebra of a reductive finite dimensional Lie algebra L and V is the universal enveloping 
algebra of some reductive Lie subalgebra L' C L. For instance, the case when F is the universal 
enveloping algebra of a Cartan subalgebra leads to the theory of Harish-Chandra modules with 
respect to this Cartan algebra - weight modules. Another important example is a pair (U, T), where 
U is the universal enveloping algebra and T is a certain maximal commutative subalgebra of U, 
called Gelfand-Tsetlin subalgebra. In the case U — U (fl[„) the analogs of Harish-Chandra modules 
- Gelfand-Tsetlin modules - were studied in [DFOl]. Similarly, Okounkov and Vershik ([OV]) 
showed that representation theory of the symmetric group S n is associated with a pair (U, T) , 
where U is the group algebra of S n and T is the maximal commutative subalgebra generated by 
the Jucys-Murphy elements. 

An attempt to understand the phenomena related to the Gelfand-Tsetlin formulae ([GTs]) was 
the paper [DF02] where the notion of Harish-Chandra subalgebra of an associative algebra and the 
corresponding notion of a Harish-Chandra module were introduced. In particular, in [DF02] the 
categories of Harish-Chandra modules were described as categories of modules over some explicitly 
constructed categories. This construction is a broad generalization of the presentation of finite 
dimensional associative algebras by quivers and relations. This techniques was applied to the 
study of Gelfand-Tsetlin modules for gl n . 

Current paper can be viewed on one hand as a development of the ideas of [DF02] in the 
"semi- commutative case", i.e. noncommutative algebra and commutative subalgebra and, on the 
other hand, as an attempt to understand the role of skew group algebras in the representation 
theory of infinite dimensional algebras (e.g. [Bl], [Ba], [BavO], [Ex]). Recall, that the algebras 
A\, U(s{2) and their quantum analogues are unified by the notion of a generalized Weyl algebra. 
Their irreducible modules arc completely described modulo classification of irreducible elements 
in a skew polynomial ring in one variable over a skew field. The main property of a generalized 
Weyl algebra U is the existence of a commutative subalgebra T C U such that the localization of 
U by S — r \ {0} is the skew polynomial algebra. On the other hand this technique can not be 
applied in case of more complicated algebras such as the universal enveloping algebras of simple 
Lie algebras of rank > 2. 

We make an important observation that the Gelfand-Tsetlin formulae for gl n define an embed- 
ding of the corresponding universal enveloping algebra into a skew group algebra of a free abelian 
group over some field of rational functions L (see also [Kh]). A remarkable fact is that this field 
L is a Galois extension of the field of fractions of the corresponding Gelfand-Tsetlin subalgebra of 
the universal enveloping algebra. This fact leads to a concept of Galois orders defined as certain 
subrings of invariants in skew semigroup rings. 

We propose a notion of a "noncommutative order" as a pair (U, T) where U is a ring, r C U 
a commutative subring such that the set S — T \ {0} is left and right Ore subset in U and the 
corresponding ring of fractions U is a simple algebra (in general, V is not central in U). Galois 
orders introduced in the paper are examples of such noncommutative orders. 

Let r be a commutative finitely generated domain, K the field of fractions of T, K C L a finite 
Galois extension, G = G(L/K) the corresponding Galois group, M C Aut L a submonoid. Assume 
that G belongs to the normalizcr of M in Aut L and for mi , to 2 G M their double G-cosets coincide 
if and only if mi = grri2g~ 1 for some g G G. If M is a group the last condition can be rewritten 
as M n G = {e}. If G acts on M by conjugation then G acts on the skew group algebra L * M by 
authomorphisms: g ■ (am) — (g ■ a)(g ■ m). Let X = (L * M) G be the subalgebra of G-invariants 
in L * M. 

We will say that an associative ring U is a T-ring, provided there is a fixed embedding i : T — > U. 

Definition 1. A finitely generated (over T) T -subring U C 3C is called a Galois T-ring (or Galois 
ring over T) if KU = UK = %. 

If T is fixed then we simply say that U is a Galois ring. 

In this case U n K is a maximal commutative subring in U and the center of U coincides with 
M-invariants in U D K (Theorem 4.1). Moreover, the set S = T \ {0} is an Ore multiplicative set 
(both from the left and from the right) and the corresponding localizations [/[S^ 1 ] and 
are canonically isomorphic to % (Proposition 4.2). Note that the algebra X has a canonical 
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decomposition into a sum of pairwise non-isomorphic finite dimensional left and right if-bimodulcs 
(cf. (2.6)). We introduce a class of Galois orders with some integrality conditions - integral Galois 
rings or Galois orders. These rings satisfy some local finiteness condition and they are defined as 
follows. 

Definition 2. A Galois ring U over T is called right (respectively left) integral Galois ring, or 
Galois order over T, if for any finite dimensional right (respectively left) K -subspace W C UlS^ 1 } 
(respectively W C [S^U), W C\U is a finitely generated right (respectively left) Y-module. A 
Galois ring is Galois order if it is both right and left Galois order. 

A concept of a Galois order over T is a natural noncommutative generalization of a classical 
notion of T-ordcr in skew group ring % since we do not require the centrality of T in U (cf . [MCR] , 
chapter 5, 3.5). We note the difference of our definition from the notion of order given in [MCR] 
(chapter 3, 1.2), [HGK] (section 9). 

How big is the class of Galois rings and orders? We note that any commutative algebra is Galois 
over itself. If T C £7 C K C L and U is finitely generated over T, then U is a Galois T-ring. If T is 
noetherian then U is an order if and only if U lies in the integral closure of T in K. In Section 3 
we study so-called balanced T-bimodulcs. This approach, based on the bimodule theory, allows 
to understand the structure and to construct Galois rings. Another important tool in the study 
of Galois rings is their Gclfand-Kirillov dimension, cf. Section 6. Using the results of Section 6 
we show in Section 7 that the following algebras are integral Galois orders in corresponding skew 
group rings: 

• Generalized Weyl algebras over integral domains with infinite order automorphisms which 
include many classical algebras, such as n-th Weyl algebra A n , quantum plane, g-deformed 
Heisenberg algebra, quantized Weyl algebras, Witten-Woronowicz algebra among the oth- 
ers [Ba], [BavO]; 

• The universal enveloping algebra U(gl n ) over its Gelfand-Tsetlin subalgebra; 

• Some rings of invariant differential operators, e.g. symmetric and orthogonal differential 
operators on n-dimensional torus (cf. Section 7.3); 

• It is shown in [FMO],[FM01] that shifted Yangians and finite VF-algebras associated with 
gl n are Galois orders over corresponding Gelfand-Tsetlin subalgebras. 

We emphasize that the theory of Galois orders unifies the representation theories of universal 
enveloping algebras and generalized Weyl algebras. On one hand the Gelfand-Tsetlin formulae 
give an embedding of U(gl n ) into a certain localization of the Weyl algebra A m for m = n(n+ 1)/2 
(cf. Remark 7.1 and [Kh]). On the other hand the intrinsic reason for such unification is a similar 
hidden skew group ring structure of these algebras as Galois orders. We believe that the concept 
of a Galois order will have a strong impact on the representation theory of infinite-dimensional 
associative algebras. We will discuss the representation theory of Galois rings in a subsequent 
paper. Preliminary version of this paper appeared in the preprint form [FO]. 

2. Preliminaries 

All fields in the paper contain the base field k, which is algebraically closed of characteristic 0. 
All algebras in the paper are k-algebras. 

2.1. Integral extensions. Let A be an integral domain, K its field of fractions and A the integral 
closure of A in K . Recall that the ring A is called normal if A = A. Let A be a normal noetherian 
ring, K C L a finite Galois extension, A the integral closure of A in L. 

Proposition 2.1. • If A is noetherian then A is finite over A. 

• If A is a finitely generated k-algebra then A is finite over A. In particular, A is finite over 
A. 

The following statement is probably well known but we include the proof for the convenience 
of the reader. 
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Proposition 2.2. Let i : A ^ B be an embedding of integral domains with a regular A. Assume 
the induced morphism of varieties i* : Specm P — > Specm A is surjective (e.g. A C B is an integral 
extension). If b E B and ab E A for some nonzero a e A then b E A. 

Proof. In this case i induces an epimorphism of the SpecP onto Spec A. Fix m £ Specm A. 
Assume ab = a' E A. Since the localization A m is a unique factorization domain, we can assume 
that a m b = a' m , where a m ,a' m E A m are coprime. If o m is invertible in A m then b E A m . If a m is 
not invertible in A m then there exists P E Spec ^4 m such that a m E P and a' m P. It shows that 
P does not lift to SpecP m . Hence b E ^4 m for every m E Specm A, which implies 6 E A ([Mat], 
Theorem 4.7). □ 

2.2. Skew (semi)group rings. If a semigroup JVC acts on a set 5, M x S S, then ip(m, s) 
will be denoted either by m ■ s, or ms, or s m . In particular s mm = (s m ) m , m,m' E M, s E 5. 
By we denote the subset of all M-invariant elements in S. 

Let R be a ring with a unit, M a semigroup and / : M — ► Aut(P) a homomorphism. Then M 
acts naturally on R (from the left): g ■ r = f(g)(r) for g E M,r E R. The sfcw semigroup ring 1 , 
P * M, associated with the left action of M on P, is a free left P-module, Rm, with a basis 

rneM 

M and with the multiplication defined as follows 

(rirai) • (r 2 m 2 ) = (rir™ 1 )(mim 2 ), mi,m 2 E M, ri,r 2 E P. 

Assume that a finite group G acts on P by automorphisms and on M by conjugation. For every 
pair g E G, m E M fix an clement a g ^ m E P and define a map 



(2.1) G x (P * M) — > P * M, (g, rm) i — > a g , m r 9 m\ r E P, m E M, .g E G. 

This map defines an action of G on P * M by automorphisms if and only if <x g ,ra satisfy the 
following conditions: 

(2.2) ceg tmim2 = Qj^jQ^, jeG, mi, m 2 E M; 

(2-3) a S i ff 2,m = a si,32(m)ag2, m , 5i>52 G G, a e , m = l,m E M. 

In this case we say that the action of G on P * M is monomial. 

If CK s . m = 1 for all g E G and m E M then g(rm) = r 9 m 9 for all g E G, r E P, m E M. For 
simplicity in this paper we will work with a trivial a but all the results remain valid for a general 
monomial action of G satisfying the conditions above. 

If x E P * M then we write it in the form 

x — ^ ^ x m m, 

where only finitely many x m E M are nonzero. We call the finite set 

suppx = {to E M|x m ^ 0} 

the support of x. Hence x E (P * M) G if and only if x m g = x 9 m for all to E M,g E G. If 
x E (P * M) G then suppx is a finite G-invariant subset in M. For ip E Aut P set 

(2.4) P v = {/i £ G|/ = if}, O v = {tp 9 | g E G}. 

If G is a finite group and H is its subgroup then the notation F = F(g) means that g 

gec/H 

runs over a set of representatives of the quotient G/H and F(g) does not depend on the choice of 
these representatives. In particular, F is well defined. 
Using this agreement we denote 

(2.5) [cup] := a 9 tp 9 e (R*M) G , (peM,aeR H *, 

geo/H v 



In a subsequent publication we will consider a more general case of the crossed product of R and JVt 
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and set (R * M) G = {[cap] \ a G R Hv }. Then we have the following decomposition of (R * M) G 
into a direct sum of left (right) i? G -subbimodules 

(2 .6) (R*Mf= (i?*M) G 

v eG\M 

where R G acts on (R * M) G as follows 

(2.7) 7 • [atp] = [(ay)tp], M ' 7 - [(a7*>], 7 G R° ■ 

Thus every x G (R * M) G can be uniquely written in the form ^ [x<ptp],x v G R Hv . We have 

v eM\G 

for 7 e r 



t6010 2 



[aitpi]j[a 2 tp 2 ] = ( 51 afloat 



gieG/H vl ,g 2 eG/H v 



For a, 6 G i?^ denote 

(2.8) [ay>&] = ^ aV 5 fe 9 , so for 7 G i? G holds 

7 [a^] = M^")], Mb = [(7 V a)</>&], 
since tp(R G ),tp^ 1 (R G ) C Note that in obvious way [atp] = [tpa v 1 ], a e R,tp e Auti?. 

2.3. Separation actions. If R = L is a field, X C L be a finite Galois extension of fields, 
G = G{L/K) the Galois group and 1 the canonical embedding K ^ L. Then K = L G and 

(2.9) dim^ % v = dim l K % v = [L H - : K] = \G : H v \ = \0 V \, 
where dim^, dim^ are right and left if -dimensions. 

Definition 3. (1) A monoid M C AutL is called separating (with respect to K) if for any 
mi,m 2 el the equality th\]k — m 2 [x implies mi = m 2 . 
(2) An automorphism tp : L — ► L is called separating (with respect to K) if the monoid 
generated by {tp 9 | g G G} in Aut L is separating. 

Lemma 2.1. Let monoid M be separating with respect to K. Then 

(1) MnG = {e}. 

(2) For any m G M, m 7^ e there exists 7 G K such that 7™ 1 ^ 7. 

(3) If Gm\G = Gm 2 G for some m\,m 2 G M, then there exists g G G such that mi = m 9 2 . 

(4) If M is a group, then the statements (1), (2), (3) are equivalent and each of them imply 
that M is separating. 

Proof. We prove the statement (3), other statements are trivial. Gm\G — Gm 2 G if and only 
if for some g,g' G G holds m\ = m 2 g' . Then m\ and m 2 acts in the same way on K, hence 
mf = m 2 . □ 

Let j : K L be an embedding. Denote St(j) = {.g G G|<y = .?}. 

Lemma 2.2. Let 93 G M, j = tpi. Then 

(1) If tp is separating, then H v = St(j). 

(2) Ktp(K) = L st ( J \ in particular, if tp is separating Ktp(K) = L Hv . 

Proof. Obviously H v C St(j). Conversely, if gtpi = tpi, then tp~ 1 gtpt = i, hence tp~ l gtp — g\ G G 
and tp~ 1 (gtpg~ 1 ) = gig ■ Thus tp and gtpg~ x coincide on K, implying gtpg = tp and (1). Note 
that g G G(L/Ktp(K)) (~l G if and only if (/^(k) = id (i.e. g G St(j)), implying (2). □ 
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3. BlMODULES 

3.1. Balanced bimodules. For commutative Ik-algebras A and B we will denote by (A — B) — 
bimod the category of finitely generated A— i?-bimodules. If A = B we will simply write A— bimod. 

Proposition 3.1. Let K C L be a finite field extension. The full subcategories of K — bimod, 
(K — L) — bimod or (L — K) — bimod consisting of objects, which are finite dimensional as left or 
as right modules are Jordan-Hoelder and Krull-Schmidt categories. 

Proof. It follows from the finiteness of the length of the objects of these categories. □ 

In this section all bimodules over fields are assumed to be finite dimensional from both sides 
and k- central (unless the contrary is stated). 

Definition 4. A homomorphism of algebras ip : A — > B endows B with the structure of B — A- 
bimodule B v such that for a £ A,b G B , b' £ B v holds b ■ b' ■ a = bb'ip(a). 

Remark 3.1. (1) In opposite, an B — A bimodule V , which is free of rank 1 from the left, 
defines a homomorphism <p = ipv ■ A — > B by va = <p(a)v, where v e V is a right free 
generator of V . 

(2) If if : A — ► B and ip : B — ► C are homomorphisms of algebras then there exists an 
isomorphism of C — A-bimodules 

CV ® B B v ~ C^ v , c ® b i — > «/>(&), c EC, be B. 

Let K C L be an extension and %k the canonical embedding K C L. We will write i instead 
of Ik when the field K is fixed. If V = kVk is a iT-bimodule then denote k^l = V ®k L, 
L V K — L ®x V and L V L = L ® K K V L . 

Let K C L is a Galois extension with the Galois group G = G(L/K), then the group G x G 
acts on lVl as 

(51,52) • (h <S>v<S> h) ' — ► If ®v®l 9 2 2 ,(gi,g 2 ) e G x G,v e VMM e L 

by automorphism of if-bimodules. The i^T-bimodulc of invariants is canonically isomorphic to V. 
If we restrict the action of G x G to the action of G from the left (from the right), by automorphisms 
of K — L (L — K) bimodules, then the invariants will be kVl [lVk)- 

Analogously, G acts naturally from the left on the L — if -bimodule lVk by automorphisms of 
if-bimodule, 

g-{l®v)\ — >l 9 ®v,geG,veV,leL and ( L V K ) G ~ K V K . 
Assume that the right action of K on V is L-diagonalizable from the left. It means lV k splits 
into a sum of L — if-bimodules, which are one dimensional as right L-modules. By Remark 3.1, 
(1) such one dimensional L — if-bimodule is of the form L } for some field embedding j : K — > L. 

Definition 5. A K-bimodule kVk is called L - balanced over a finite Galois extension K C L if 
lVl is a direct sum of one- dimensional from the left and from the right L -bimodules, i.e. bimodules 
of the form L v for E Aut L. A K-bimodule kVk is called balanced if it is i-balanced over some 
finite Galois extension K C L. 

3.2. Monoidal category of balanced bimodules. Denote by K — bimodz, the full subcategory 
in K — bimod consisting of all i-balanced if-bimodules. 

Remark 3.2. The category L — bimod^ is by definition semisimple and its isoclasses of simples 
are represented by the bimodules L v , were <p : L — ► L is an automorphism. 

Theorem 3.1. The category K — bimod^ is an abelian semisimple monoidal category. 

Proof. Note that by Remarks 3.1, (2) and by Remark 3.2 above the category L — bimod^ satisfies 
the theorem. 

Let V, W be i-balanced if-bimodules, tt : V — > W an if-bimodulc cpimorphism, ttl ■ lMl — ► 
lWl the induced epimorphism of i-bimodules. Since G acts trivially on K the map ttl is a 
homomorphism of (K (Sua K)[G x G]-bimodules. 
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On the other hand Pl admits the right inverse L — L-bimodule monomorphism 

sl ■ lW l — > lVl, PlSl = id L w L . 
Since G acts trivially on K for every g = (g\, 52) € G x G the morphism 

gsLg- 1 : L W L — > L V L , h®w®h ' — ► ffi ■ s L (l^ * <S> w <g> if) • .g^ 1 
are LT-bimodule homomorphisms. Then the LT-bimodule homomorphism 

1 1 96GXG 

commutes with the action G x G, hence both ctl and 7Tl are (if <8>t if)[G x G]-bimodule homo- 
morphisms. We have 

Pl&l = -rXa Yl PLgsLg^ 1 = 77712 V gpiSLg^ 1 = id L w L ■ 

|G| P6GXG |G| 96GXG 

Since cjl maps lW £ to lVl , it induces a LT-bimodule homomorphism a : W — ► V, which 
splits p. Hence K — bimod^ is scmisimple. 

Consider the standard if-bimodule monomorphism 

i : V ®k W — ► V ®k L ®k W, v ®w 1 — ► v ® 1 <S> 

Then the induced L-bimodule homomorphism 

l(V 0k W)l — > L ®k V ®k L ®k W ®k L ~ lVl ®l l W l , 

is a monomorphism. Since lVl and 1W1 are isomorphic to the sums of simple one-dimensional 
L-bimodules, the same is true for their tensor product over L and for its subbimodulc l{V®kW)l- 
Note also that K is a weak unit with respect to ®k in K — bimod^. □ 

3.3. Simple balanced bimodules. In this section we describe simple objects in K — bimod^. 

Lemma 3.1. Let K C L be a Galois extension, G = G(L/K). 

(1) (TDK], Ch. 5.1) If for a field F holds K C F C L, H = G(L/F) and i F : F ^ L is the 
canonical embedding, then as L — F-bimodule 

L <g)jf F ~ ^ L g ip , m particular L ® K L ~ ^ L ff . 

9GG/ if 9GG 

(2) ^4 K-bimodule V is L-balanced if and only if the L — K-bimodule lVk is a direct sum of 
modules of the form L vl , ip e Aut L. 

(3) The right and the left K-dimensions of a balanced bimodule coincide. 

Proof. To prove the statement (1) we present F as a simple extension F = K[a], a e F. Let 
f(X) be a minimal polynomial of a over K, a = ati,...,ctk € L all roots of f{X). Then 
F ~ #[X]/(/(X)) and " 

fe 

[X]/(/(X)) ~ L[X]/(/(X)) ~ [] L[X]/(X - tt! ). 

i=i 

The right F- module structure on L[X]/(X — on) is defined by multiplication on X, that proves 
(I)- 

In (2) we prove firstly the statement "if". Applying Remark 3.1, (2) we obtain the following 
isomorphisms of L — LT-bimodulcs, which proves the statement. 

L ® K L vl ~ L (g> K (L (g> L L vl ) ~ (L (g> K L) ® L L vl ~ 

(® ^s) L w — ® ^wi- 

see S GG 
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Prove the statement "only if". If jfVh — © Ly? , S C AutL, d v > as L — L-bimodule, then 

as L — LT-bimodule it is isomorphic to © L^j . In particular, lVl is a semisimplc L — LT-bimodule. 

Note, that lVk can be identified with ( L ^) {e}xG which is a L — if-submodule in lVl- Hence 
lVk as a subbimodulc of the semisimplc L — if -bimodule lVl is a direct sum of some L vl , ip G S. 
The statement (3) follows from the definition. □ 

Lemma 3.2. Let ip G AutL, j = tpi, H = St(j). 

(1) The canonical action of H on L is an action by L H — K -bimodule automorphisms on 
L-bimodule L v and on L — K -bimodule L r 

(2) Let j : K — > L H induced by j embedding, V(ip) = Lf. Then V((p) as L H — K subbimodule 
in L v is isomorphic to L. In particular, V(ip) is a simple L H — K -bimodule. 

Proof. Let I G L v , or I G L 3 , h G L H , k G K and "•" is the bimodule action on L v . Then for 
he H holds 

(/!■/. k) h = (hl(p(k)) h = ^l h h(p(k) = hl h p{k) = h ■ l h ■ k, 

which proves the statement (1). Further, V(<p) is L H — if -bimodule by (1). Other statements of 
(2) are obvious. □ 

V(<p) has a structure of if -bimodule since if C L H . It turned out, that V(p), if G AutL cover 
all simples in if — bimodi . 

Theorem 3.2. (1) L ® K V(tp) ~ L gtpl as a L — if -bimodule, i.e. V{ip) is L -balanced. 

geG/H 

(2) V(ip) is a simple K-bimodule. 

(3) Any simple object in if — bimod^ is isomorphic to V(<p) for some <p G AutL. 

(4) Let <p,<p' G AutL. Then V(<p) ~ V(<p') if and only if G<p\x — G<p'\k, equivalently 
OpG^Gtp'G. 

(5) Assume ip G M for a separating monoid M C AutL, a G L H , v = [aip] G X, (2.5). Then 
KvK ~ V(ip) as K-bimodule. 

Proof. Consider V(<p) as L H — K bimodule. Using Lemma 3.1, (1) and Remark 3.1, (2) we obtain 
the following isomorphisms of L — if-bimodules, which proves (1) 

L ®k V(<p) = L® K Lf ~ L ® K (L H ® l h Lf ) ~ (L ® K L H ) ® l h Lf ~ 

( L g ) ® l h Lf ~ (L g ® LH Lf) c L gr 

a eG/H geG/H geG/H 

To prove the simplicity of V(p) consider any nonzero x G L H . Then if ■ x ■ if = xip(K)K = L H , 
by Lemma 2.2,(2), implying (2). 

Now we prove (3). Let V be a simple L-balanced if -bimodule. We divide the proof in the the 
following steps. If A is a k-algebra, then in the proofs below instead of s structure of A — K- 
bimodule we will use the corresponding structure of left ^(gi^-module. 

Step 1. The equality (I'g ® k) ■ (I <8> v) = l'l 9 ® kv, k G K , g G G, 1,1' G L, v G V endows L V K 
with the structure of a simple left (L * G) <g>k K-module. 

The correctness of (L*G)®kK- module structure is checked immediately. To prove the simplicity 

consider =/= x G lVk-, x — Y] l a ® v g , where v g G V, g G G and {l g I G L, g G G} is a normal 

gee 

if -basis of L. Consider g' G G such that u s > ^ 0. By the theorem of independence of characters 
the maps w g : G — ► L, w g {g\) — l gig , g G G form a basis in the L-vector space of maps G — > L. 

Hence there exist A g g G L * G, X g GL, such that 

gee 

(2 A 9f) • X= ( H A 9i^i9j ® U 9 =l®« fl /, 

sec s eG VeG ^ 
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which obviously generates V as if-bimodule and lVk as L — if-bimodule. 

Step 2. lVk — (B L d for some d > 1, where j = ipi for some ip G AutL. Besides every L gl 

geG/H 

is a simple (L * H) (g^ K-submodule in lVk, where H — St(gj). 

By definition lVk — L 3 3 as a L — K- module for some pairwise non- isomorphic L 3 . Since 
g(Lj) ~ L g3 and lVk is simple as (L * G) ®\ if -module, we have lVk — © L d as a L — if 

geG/H 

bimodulc. The L — if-subbimodule L g] of lVk is ii-invariant, hence it is a (L * H) ® K if-module, 
H = H gj . Besides, L g3 is irreducible as L — if-bimodule. 

Step 3. d=l. 

Note that (L * G) <X>k if is a free right (L * H) <8>k if-module of rank [G : H]. The canonical 
embedding of (L * H) <g>k if -modules Lj <— > l Vr- induces a homomorphism of (L * G) <8>k if -modules 

$ : (L * G) ® L » H — ► l Vrt, 

which is an cpimorphism, since <& 7^ and lVk is simple. On the other hand for the left if- 
dimensions dim^ holds 

dim l K (L * G ® L . tH L 3 ) = [L : K][G : H], dim l K L V K = d[L : K][G : 

Hence, d = 1 and $ is an isomorphism. 

Step 4. TTie mapping 

ip : K[G] x Lj — > (L * G) ®l*h L 3 , (kg, I) 1 — > kg®l, k e K,g £ G,l £ Lj 

induces an isomorphism of left K[G] ®k K-modules 

* : K[G] ® K [H] Lj — > (L*G) ®l*h L 3 . 

Indeed, ip is if [H] -bilinear and commutes with the action of K[G] from the left and with the 
action of if from the right. Again a comparison of if -dimensions implies the statement. 

Step 5. V ~ V(ip). 

Steps (3) and (4) shows, that the composition 

* o $ : K[G] <B) K [H] L 3 — > L V K 

is an isomorphism of K[G] (8>k if- modules. By the Frobenius reciprocity for left if [f/]-module L 3 
we obtain the chain of if-bimodule isomorphisms 

V ~ ( L V K f ~ (if [G] 8^ L,) G ~ H 0miqG] (if,if[G] ® K[Jf] L,) ~ 

Hom K[Gi (K,Hom K[B] (K[C\,Lj)) ~ Hom x[H] (if [G] ® K [G] ^ Hom K[ff] (if , L 3 ) ~ if. 

It leaves to prove (5). Assume V(<^) ~ V(ip'). Then L V(<p) ~ 1/ ®r- V^(<p'). Hence from 
(1), = gift for some j 6 G and thus Gyz = G<^'z and Gtp\pc — Gip'lx The converse statement 
easily follows. 

Using (2.8) and Lemma 2.2, (2) we obtain K[atp]K — [K cp(K )aip] = [L H aip] which immediately 
implies the isomorphism [L H aip] ~ V(tp) and hence the last statement. □ 

3.4. Grotendieck ring of category balanced bimodules and Hecke algebra. Let Kq(K,L) 
be the Grothcndieck ring of the category K — bimod^ and for V E K — bimod^ [V] the class of 
V in Ko(K,L). Theorem 3.2 shows that simple L-balanced if -bimodules can be enumerated by 
the double cosets G(pG or by the G-orbits Gipi. We show that the ring structure on K (K, L) is 
closely related with some Hecke algebra (Corollary 3.3). 

To calculate in ifo(if , L) we need some preliminaries. A family of elements S of a set T is the 
mapping S : J — ► T, where d in the set of indices. If the group G acts on d and T, then we say S 
is G-invariant provided that S is a map of G-sets. To simplify the notation we will write i instead 
of S(i),i <G 3. By S/G we denote the induced map of factorsets S/G : 3/G — ► T/G. In particular, 
S/G is a family of elements of T/G, indexed by 3/G. 
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Denote Hom k _f ie i s (K, L) the set of all field k-embeddings K — > L, and 

S(A-.L) = {S\SC Bom k _ fiels (K,L), \S\ < oc,GS = S}. 
Then by Lemma 3.1, (2) we can correspond to a finitely generated balanced if-bimodule V a 
G-invariant family Sy ■ 3y — > Hom k (K, L), such that ^Vr: ~ L Sv ( T y In obvious way 

factorization by G induces the family sy — Sy/G : 3v/G — ► L). Obviously, the image of 

sy defines the JT-bimodulc V uniquely up to isomorphism and we can write lVk — L Sy ( T y 

t£3 v /G 

In particular, by Theorem 3.2 (1), we can choose 3v(tp) the set G/H, Sy(gH) — gtp. Then 
"3vUp)/G is one-element and and the image of s v is the subset {gip \ g G G/H, H = St((pi)}. A 
double coset G = GipG G G\ Aut L/G defines an 

bc = b v =J2^= J2 T€Q[AutL]. 
If x = £ ™<A E Q[Auti], n v G N, then denote V(x) = V(vj)™*'. In 

fEG\ Aut L/G ipGG\ Aut L/G 

particular, T^(o v ) ~ 1^(<^). 

Corollary 3.1. Let V 6e an object of K — bimod^ and in the notation above V ~ F(s„(t)). 

r£3 v /G 

(1) For </? G Aut L the multiplicity n v ofV(tp) in V is given by 

stMl 



no = 



E 



v ^ | G | 

(2) [V}= E '^yV ^vCr))]. 

Proof. The statement (2) follows from (1) The proof follows from Theorem 3.2, (1). □ 

Recall, if Gi is a group, G C Gi is a finite subgroup and A is a commutative ring, then the 
Hccke algebra c Ka{G\\G) C A[Gi] is a free module over A with a basis h GipG labeled by double 
cosets in G\G\/G. For details on Hccke algebras we refer to [Kr]. We will need the following 
result from [Kr] (Theorem 1.6.6) slightly adapted to our conditions. 

Theorem 3.3. Let fl = Aut L. Then 

(1) e G = —— 2_] 9 is an idem-potent in the group algebra Q[fl]. 

|G| 9 6G 

\H I 

(2) One has e G (pe G = , „f 2 b v for all ip e Q and e G Q[Q]e G becomes a subalgebra o/Q[0] with 

\G\ 

e G as its identity element. 

(3) The mapping $ : !K Q (ft; G) — > e G Q[Q]e G C Q[0], where 

n v h GipG i — > -!- Y K 
v eG\n/G 1 1 V ec\n/G 

is an isomorphism of Q-algebras. 

We will identify the Hecke algebra !Kq(Q; G) with Im($) C Given ip, ip G Aut L, introduce 

an equivalence relation ~ (=~ VO) on G as follows: 

g <~ if and only if GipgipG = Gipg'tpG. 

For </5 G Aut L denote by = St(cpi), where i : K L is the canonical embedding. 

Theorem 3.4. Let ip,ip e Aut L. Then 

c s gg/~ 
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where c g is the equivalence class of g, \c g \ its size and s 9 ^ = — , . . 

vv \H V \\H^\ 

Proof. Let ip, ip e AutL. Then by Theorem 3.2, (1) and Remark 3.1, (2) 

L ® K V(if) ® K V{iP) ~ L g!pi ® K V(ip) ~ 
geG/H v 

(L g v ® L L) ® K V(^) ~ L gip ® L (L ® K V {%!>)) 
geG/H v geG/H v 

geG/H v g'eG/H 4 , geG/H v g'eG/H^ 

Then by Corollary 3.1 



(3.10) [V{y)® K V{i,)]= E ^l^lt^W)]- 

geG/H^ 1 1 c g eG/~ 

which completes the proof. 

Corollary 3.2. Lef ip,ip £ AutL. Then -r^—b v b^ e Z[AutL] and 

G 



□ 



y(g%%)~y(it,.6^). 



Proof. Clearly, 

TQibipH = E 9i<P9i>92, 

which proves the first statement. On the other hand we have the following equalities in Q[AutL]: 

\G\ 

b v -b 4 , = ( 9W) ( Yl 9 ^ 9 ') = Iff [Tg I S I^IW- 

g&G/H^, geG/H^, 1 vN ^'ffGG 

s'eG 3 'eG 

Comparison with (3.10) we complete the proof. 

□ 



Corollary 3.3. The map 

: Q ®% K (K, L) — > JfQ(Aut L; G), *([V(<p)}) = ^-b v 
is an isomorphism of Q-algebras. 

Proof. Since the classes |V(y>)] and the elements -r-^b v , ip e G\AutL/G, form the Q-bases in 

\G\ 

Q ®z K {K,L) and in %Q(Aut L;G) respectively, then ^ is an isomorphism of Q-vector spaces. 
The fact that W is an algebra homomorphism follows immediately from Corollary 3.2. □ 



4. Galois rings 

4.1. Notation and some examples. For the rest of the paper we will assume that T is an 
integral domain, K the field of fractions ofT,KcLisa finite Galois extension with the Galois 
group G, i : K — > L is a natural embedding, M C Aut L is a separating monoid on which G acts 
by conjugations, f is the integral closure of T in L, X = (L * M) G . 

Recall from the introduction that an associative ring U C X containing T is called a Galois 
T-ring if it is finitely generated over T and KU = X, UK = X. Note that following Lemma 4.1 
below both equalities in this definition are equivalent. 
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Example 4.1. • Let U = T[x;a] be the skew polynomial ring over T, where a E AutT, 

x-f — a(j)x, for all 7 E T. Denote 

M = {a 11 | n = 0, 1, . . .} c Aut K, M ~ Z+. 

T/ien /or L = K, G = {e} the algebra U is a Galois T-ring in K * M, w/ien a; is identified 
with 1 * o" E AT * M. 

• Analogously the skew Laurent polynomial ring [/ = r[x;o- ±1 ] is a Galois ring with M = 
{cr™ n E Z} and trivial G. 

• Let T = k[xi, . . . , x n ] and o~i, . . . ,a n E AutT, swc/i that <JiO-j = ajai, i,j = l,...,n, 
M C Aut T subgroup generated by u\, . . . , a n . Then the skew group ring T * M is a Galois 
ring over T with trivial G. 

More examples will be given in Section 7. 

4.2. Characterization of a Galois ring. A T-subbimodule of X which for every m E M contains 
[6im], . . . , [bkm] where b\, . . . , 6^ is a if-basis in L Hm will be called a T-form of X. We will show 
that any Galois subring in X is its T-form. 

Lemma 4.1. Let u E U be a nonzero element, T = suppu, u — ^ [a m m]. Then 

mET/G 

K(TuT) = (TuT)K = KuK ~ V(m). 

mET/G 

In particular U is a T-form ofX. Besides, 

L(TuT) = (TuT)L = LuL = ^ Lm c L*M. 

mET 

Proof. Note that by Theorem 3.2, (5) and Lemma 2.1, (3) the modules V(m), m E T/G, are 
pairwise non-isomorphic simple AT-bimodules. Since by Lemma 2.2, (2) 

K[m]K = KK m [m] ~ V(m),me T/G, 

we have 

KuK a K[a m m]K= K[a m m]K ~ 

mET/G mET/G 

A>]Ac K(m). 

mET/G mET/G 

Since all T^(m) are simple, then the image of KuK in W = © F(m) generates If as a 

mET/G 

AT-bimodule. Hence KuK ~ VT and therefore K[a m m]K C ifuK for all m eT/G. 
For the rest of the proof it is enough to consider u = [am] . Then 

T[am]Y = [T • m(T)am] and ATto(T) = Km{K). 

The statement AT(TmT) = (YuT)K = KuK now follows from Lemma 2.2, (2). 

Obviously L[am] is a L-subbimodulc in Yl Lm. Since this is a direct sum of non-isomorphic 

mET 

simple L-bimodules, any subbimodulc has the form Y Lm, T' C T. On the other hand supp[am] = 

mET' 

T, and thus L[am] = Lm. □ 

mET 

Corollary 4.1. Let [aip], [hip] E X. Then 

supp [oy]r[fri/'] = supp [atp] supp [btp] = V 0^,. 
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Proof. Multiplication on L does not change the support. Then applying Lemma 4.1 
supp [a^>]r[6^>] = suppL([ay>]r [&/>]) = supp L(K[ap]T)[bil)] = 

supp(L[a(p]L)[bil>] = supp 

□ 

Proposition 4.1. Assume a ring U C X is generated over T by u\, . . . , Uk G U . 

k 

(1) If I^J suppui generate M as a semigroup, then U is a Galois ring. 

i=i 

(2) If LU = L * M, then U is a Galois ring. 

Proof. The statement (2) follows from (1). Consider a if-subbimodulc Ku\K+ ■ ■ ■ + KukK in 
X. By Lemma 4.1, this bimodule contains the elements [ai^i], • ■ • , [ajv^JvL where ip\, . . . , ip^ 
is a set of generators of M. By Corollary 4.1 supp ([aiTOi]r[a 2 TO2]) = supp[ai?7ii] • supp[a 2 TO 2 ] 
for [aimi], [a 2 TO 2 ] € U, then for every to G M there exists a nonzero a m G L Hm such that 
[a m m] G U. □ 

Theorem 4.1. Let U be a Galois ring, e G M the unit element and U e = U (~) Le. Then 

(1) For every x G U holds x e G K and U e G Ke. 

(2) The k-subalgebra in L * M generated by U and L coincides with L*M. 

(3) U l~l K is a maximal commutative k-subalgebra in U . 

(4) The center Z(U) of algebra U equals Uf]K M . 

Proof. Let x G U and x e = A, A G L. Then for any g G G holds A = x e = (x 9 ) e = X 9 . Hence 
A G L G = K. The statement (2) follows from Lemma 4.1. 

Consider any x G L * M such that x"f = "fx for all 7 G L. Assume x v ^ for some tp G M, 
ip 7^ e. Since the action of M is separating, there exists 7 G T such that 7^ ^ 7. Then (7a;) v = 
-fx v ^ 7^0;^ = (2:7)^ which is a contradiction. Hence x E U C\ Le = U e d K which completes the 
proof of (3). 

To prove (4) consider a nonzero z G Z(U). It follows from the proof of (3) that z G U H K. 
Besides, zeTfl Z(U) if and only if for every [aip] G U holds z[aip] = [aip]z, i.e. z = z v . □ 

Theorem 4.1, (3) in particular shows that an noncommutative associative algebra is never a 
Galois ring over its center. For the same reason the universal enveloping algebra of a simple finite- 
dimensional Lie algebra is not a Galois ring over the enveloping algebra of its Cartan subalgebra. 

A submonoid H of M is called an ideal of M if MH G H and HM C H. 

Corollary 4.2. There is one-to-one correspondence between the two-sided ideals in % and the 
G -invariant ideals in the monoid M. This correspondence is given by the following bisection 

(4.11) J 1 — >U = 3(1) = (J supp u, 3 — >I = I(3) = ^2K[<p]K, 

uei tp£3 
where I C OC, 3 C M are ideals, I ^ 0, 3 is G-invariant. In particular, if M is a group then % is 
a simple ring. 

Proof. Let I be a nonzero ideal in X. If ^ u G / then 

KuK ~ K\ip\K 

by Lemma 4.1 and for every to G M holds (K [m]K )(KuK) G J, (KuK)(K[m]K) C /. By 
Corollary 4.1 for every m G M and ip G suppu there exist u',u" G / such that m<p G suppw' and 
ipm G suppu". This gives the map J 1— ► 3(1). Analogously, 1(3) is a two-sided ideal in X and both 
maps are mutually inverse. □ 

Proposition 4.2. Let U be a Galois ring over V, S = T\ {0}. 

(1) The multiplicative set S satisfies both left and right Ore condition. 
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(2) The canonical embedding U <^-> X induced the isomorphisms of rings of fractions [S ~ 

x, uis- 1 ] ~ X. 

Proof. Assume s e S,u E U. Following Lemma 4.1, 17 contains a right if -basis u\,...,Uk of 
KuK, hence in 3C holds 

fe 

s _1 m = ^ u^s^ 1 for some Sj E S,ji G T,i = 1, . . . ,k. 

i=l 

Then in f7 holds 

u • (si . . . Sfe) = s ■ Ui7»si . . . Si-iSi+i . . . Sk), 
i=i 

which shows (1). Besides S acts on U torsion free both from the left and from the right. Then 
there exist the right and left rings of fractions J7[S 1-1 ], [S 1-1 ]?/. Following Lemma 4.1, the canonical 
embedding U X satisfies the conditions for the ring of fractions ((i),(ii), (iii), [MCR], 2.1.3). 
Hence (2) follows. □ 

Theorem 4.2. The tensor product of two Galois rings is a Galois ring. 

Proof. Let f7, be a Galois Ti-subring in the skew-group algebra Li * Mi with fraction fields 7Q, 
Gi = G(L l /K l ) i = 1,2. Then M = Mi x M 2 acts on L\ <E>kL 2 , (mi,m 2 ) -(h®l 2 ) = mih®m 2 l 2 . 
Since k is algebraically closed, L\ <S>t L 2 is a domain, hence M acts on its field of fractions L. Let 
if C L be the field of fractions of K\ ® k K 2 - The extension K C L is a finite Galois extension 
with the Galois group G — G\ x G 2 . Consider the composition 

i : Ui ® k U 2 — > (Li * Mi) ® k (L 2 * M 2 ) ~ (ii ® k L 2 ) * (Mi x M 2 ) ^ 7, * M. 

We identify C/i ®k with its image. To endow f7i (g>k J7 2 with the structure of a Galois ring 
we shall prove that L(Ui <X>k U 2 ) = L * M (Proposition 4.1). But L(U\ ®k U 2 ) D L\U\ ® k L 2 ?7 2 = 
(Li * Mi) ® k (£2 * M 2 ), which contains $ _1 (Mi x M 2 ). □ 



5. Galois orders 

5.1. Characterization of Galois orders. Let M be a right T-submodulc in a torsion free right 
T-module N. Consider the right subbimodule in 7Y 

V) ryN (M) = {x e N I there exists 7 e T, 7 ^ such that x ■ 7 <E M}, 

which is clearly a right T-module. For the left modules M C N analogously is defined E^a^M). 
If TV is a Galois order U over T, the we write D r (M) and ED r (M). 

Lemma 5.1. For rig/it T-submodules of U holds the following: 

(1) M c D r (M), © r (D r (M)) = ID> r (M). 

(2) © r (M) = M7A~ n U. 

(3) IfNcM then B r (N) C D r (M). 

(4) D r (r) = C7 e . 

Proof. Statements (1) and (3) are obvious. Statement (2) follows from the fact that U is torsion 
free over T. Theorem 4.1 (1) claims that U e C K, implying (4). □ 

Lemma 5.1, (2) gives the following characterization of Galois orders (cf. Definition 2) . 

Corollary 5.1. A Galois ring U over a noetherian T is right Galois order if and only if for every 
finitely generated right T -module M <zU , the right T -module D r (M) is finitely generated. 

Corollary 5.2. If a Galois ring U over a noetherian domain T is projective as a right (left) 
T-module then U is a right (left) Galois order. 
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Proof. If U is right projective, then there exists some projective right r-module U', such that 

U®V ~ © r for some set 3. If M is a finitely generated right submodule in U, then there exists a 

a 

finite subset 3c3, such that M C © T C © T. Then D rU (M) = D r um , (M) = D mr (M) C © T. 

3 3 'a a 

Then D r (M) is finitely generated since |3| < oo and T is noetherian. □ 

Corollary 5.3. IfU is right (left) Galois order then T £ U e is an integral extension. In particular 
U e is a normal ring. 

Proof. Lemma 5.1, (4) shows that U e — D r (T) C K is finitely generated right (left) r-module. 
Moreover, it is finitely generated as left and right T- module simultaneously. The statement follows 
from Proposition 2.1. □ 

We will show in Theorem 5.2, (2) that the converse statement holds when M is a group. 

5.2. Harish-Chandra subalgebras. Following [DF02] a commutative subalgebra r C U is 
called a Harish-Chandra subalgebra in U if for any u £ U, the T— bimodule TuT is finitely generated 
both as a left and as a right r-module. Assume T and some family {ui £ U}i^i generates U as 
Ik-algebra and every TuiT, i £ I is left and right finitely generated. Then it is easy to see, that T 
is a Harish-Chandra subalgebra in U. 

Proposition 5.1. Assume T is finitely generated algebra over k, U is a Galois ring. Then T is a 
Harish-Chandra subalgebra in U if and only if m ■ f = f for every m £ M. 

Proof. Note that T is finitely generated as r-module (Proposition 2.1). Suppose first m ■ T — T for 
every m £ M. It is enough to prove that r[am]r is finitely generated as a left (right) r-module 
for any m £ JVC, a £ L. But following (2.7) 

(5.12) r[am]r = [T ■ m(T)am] = [amT ■ m _1 (r)] 

is finitely generated over T from the left, since Tm(r) C f , and it is finitely generated from the 
right, since rm _1 (r) C V. Conversely, assume T[am]r is finitely generated right r-module for any 
[am] £ U. It means that r-m _1 (r) is finite over T, i.e. m _1 (r) C T. Analogously, m(T) C T. □ 

Proposition 5.2. If U is a right (left) Galois order over a noetherian T then for any m £ M 
holds m~ l {T) c f (m(T) cfj. 

Proof. Let U be right Galois order, [am] £ U, 7 £ F. Assume x = m^ 1 ^) ^ f . Then the right 
T-submodule of U, 

00 00 
M = ^fHr = ^[amiT] 

i=0 i=0 

is not finitely generated. On the other hand, x is an algebraic element over K. Let 

7ox™ + 7XX"- 1 + • • • + 7n = 0, 7, £ T, 70 ^ 0. 

n— 1 7i—l 

Consider the following finitely generated right T- module N — l l [am]T = [amx l T]. But 

i=0 i=0 

M C B r (N) which is a contradiction. The case of left order treated analogously. □ 
From Proposition 5.2 and Proposition 5.1 we immediately obtain 

Corollary 5.4. Let T be a noetherian domain and U a Galois order over V. Then V is a Harish- 
Chandra subalgebra in U. 

Remark 5.1. Let T be integrally closed in K and <p : K — > K an automorphism of infinite 

order, such that <fi(T) C T. Set L = K, 3VC = {ip n \n > 0}. Then L * M is isomorphic to the 
skew polynomial algebra K[x; <p] ([MCR]). Its subalgebra U generated by T and x is a Galois ring. 
Clearly, U is left Galois order (but not right Galois order). 
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5.3. Properties of Galois orders. Let U be a Galois ring over r, S C M a finite G-invariant 
subset. Denote 

(5.13) U(S) = {u £ U\ suppw C S}. 

Obviously, it is a T-subbimodulc in U and B r (U(S)) = Bi(U(S)) = U(S). This notion will give 
us one more characterization of Galois orders (Theorem 5.1). 

It will be convenient to consider the T-bimodulc structure of U as a T <g)k T-module structure. 
For every / E T define /£ 6T0iL (respectively f l s E L ®t T) as follows 

\s\ 

(5.14) r s = n(/® 1 - 1 ®r" 1 ) = E/ |s| " i ® /Ji ' ft o = 1 - 

seS i=0 

(5.15) (resp./£ = n(/*®l-l®/) = £^®/ |S|_i . h '° = ^ 

ses i=o 

Since 5 is G-invariant, then all hi and ft,^ are G-invariant expressions in / m , m £ JVC, they 
belongs to if. If £/ is right (left) integral, then h r s E T <g> T (/i^ E T <g> T). We will consider the 
properties of /s = /£, the case of f l s can be treated analogously. 

Lemma 5.2. Let m _1 (r) C f for any m E JVC, S C M a G-invariant subset, u E £7, / E I\ 

(1) tt E ^(S 1 ) «/ an<i oniy z/ /s • tt = /or ewer?/ / E T. 

(2) IfT = suppit \ S then fa ■ u £ £/(>!?) /or euerjy / E V. 

n n _ 1 

(3) Iffs=T,fi® 9i, M E L * JVC ffcen /s ■ [am] = [(£ / ifl fo)m] =[]!(/- / ms ~ )<H- 

i=l i=l seS 

(4) Let S be a G-orbit and T an G-invariant subset in JVC. The T-bimodule homomorphism 
Pj(= Pj(/)) : C/(T) — ► 17(S), it i — ► / T \s • u, f E r is either zero or KcrPj = U(T \ S) 
(both cases are possible, cf. (1)). 

(5) Let S = Si U • • • U S n be the decomposition of S in G-orbits and P|. : U(S) — ► U(Si) 
for some fa E T, i = l,...,n are defined in (4) nonzero homomorphisms. Then the 
homomorphism 

n 

(5.16) P s : £7(5)^0 P s = (p s ij ^^psj 7 

i=\ 

is a monomorphism. 

(6) The statements above hold, if T is a Harish- Chandra subalgebra in U. 

Proof. Consider any [am] E L * JVC, s E Auti. Then 

(/ 1 - 1 <g) / s ) • [am] = [fam] - [amf s ] = [(/ - f ms )am], hence 

/s • [am] = JJ(/ ® 1 - 1 ® / s_1 ) • [am] = [[](/ - /"'"'jam]. 

If m E S, then one of / — f ms 1 equals zero, hence, fs • [am] = 0. To prove the converse we show 
that for any m S there exists / E T such that / ^ f ms 1 for all s E 5. Following Lemma 2.1, 
(2) for every m E M, m 7^ e, the space of m-invariants T m ^ V. But the k- vector space V can 
not be covered by finitely many proper subspaces r ms , s E S, that completes the proof of (1). 
Obviously, / SU pp« - u = for any / E T. Then statement (2) follows from (1) and from the equality 
/suppu = fsfr- Statement (3) follows from the formulas (2.8), 2.2. By (3), fr\s 7^ if and only 

n 

if X)A°r 7^ 0, and in this case /t\s ac ts on U(S) injectively, that proves (4). 

i=l 

n „ 

Finally, (5) follows from (4), since n^KerPj'. = and (6) follows from the definition. □ 

Theorem 5.1. Let U be a Galois ring over a noetherian Harish- Chandra subalgebra T. Then the 
following statements are equivalent: 

(1) U is right (respectively left) Galois order. 
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(2) U(S) is finitely generated right (respectively left) Y -module for any finite G-invariant S C 
M. 

(3) U(0 rn ) is finitely generated right (respectively left) T-module for any m G M. 

Proof. Assume U is right Galois order. Let S be a finite G-invariant subset of M, and u\, . . . , 
Uk £ U(S) a basis of U(S)K as a right if -space. Then 

k k 

B r (J2^T) = (J2 u l r ) K ^U = U(S)KnU = B r (U(S)) = U(S). 

i=l i=l 

Therefore, U(S) = D r (^w,r), which proves (2). Obviously, (2) implies (3). Assume (3) holds. 
i=i 

Let M C U be a finitely generated right T-submodule, 5 = suppM. Then M C f (S 1 ) and 
D r (M) C ID> r (t/(S)) = E/(5). By Corollary 5.1, it remains to prove that U(S) is finitely generated. 
Let S — Si U • • • U S n be the decomposition of S into G-orbits. Following Lemma 5.2, (5), P s 

n 

embeds U(S) into © U(Si) that completes the proof. □ 

i— 1 

Theorem 5.2. Assume that U is a Galois ring, V is noetherian and M is a group. 

(1) Assume m _1 (r) C f (resp. m(T) C T). Then U is right (resp. left) Galois order if and 
only if U e is an integral extension ofT. 

(2) Assume T is a Harish- Chandra subalgebra in U . Then U is a Galois order if and only if 
U e is an integral extension ofT. 

Proof. Obviously (2) follows from (1) and Proposition 5.1. The statement "only if" in (1) follows 
from Corollary 5.3. Assume U e is an integral extension of T, m _1 (r) C T, but U is not right 
order. Following Theorem 5.1, (3) there exists m s M, such that U(0 m ) is not finitely generated. 

Since M is a group then there exists [6m -1 ] G U by Lemma 4.1. Since H m — H m -i for any 
nonzero 7 G T holds 

(5.17) ([k-^H)^ & 9 7 (m_1)3 a s - 

geG/H m 

Denote this expression by u 7 (a), 7 G T, a G L Hm . Then w 7 : L Hm — > K is a right if- linear map 
and u 7l + u 72 = u 7l+72 , 71, 72 G V. 

Denote \G/H m \ by n. Let {a^ G L Hm i = 1, . . . , n} be a basis of over if. In particular, 
[mcii], i = 1, ... ,n form a right if -basis of KmK. It will be convenient for us to enumerate entries 
of matrices both by the classes from G/H m and the numbers 1, . . . , n. 

Lemma 5.3. (1) For any b G L Hm , 6^0 the G/H m x n matrix over L 

X=(b g a 9 i \gGG/H m ;i = l,...,n) 

is non-degenerated. 

(2) There exists 71, . . . , 7„ G T 7 swc/i £/ia£ n x G/H m matrix 

Y=( 7 r~ lg ~ 1 \ i = l,...,n;g€G/H m ) 
is non-degenerated. Besides for n x n matrices holds 

YX = (v^(a 3 ) I i,j = l,...,n). 

(3) Let Z = (/ijj I i = l,...,n;j = l,...,n) &e a non-degenerated matrix over K, bi = 

n 

a-jHiji i = 1, ■ ■ ■ ,n the new basis of L Hm . Then 

j=i 

(YX)Z=(v 7j (bi)\i,j = l,...,n). 

(4) In particular, if Z = (YX) -1 holds 

v 7i (bj) = Sij,i,j = 1,.. .,n. 
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Proof. To prove the first statement there is enough to prove the invertibility of the matrix (af | 

g G G/H m ;i = f,...,n). Assume, opposite, i.e. ( ^g9)i a i) = 0, \ g E L for some vector 

gea/H m 

(X g I g E G/H m ) 7^ and for any i = 1, . . . , n. Then ( \9) \l h ™ = 0, which contradicts to 

geG/H m 

the independence of different characters g\h» m ■ L Hm — ► L, g 6 G/H m . 

Analogously all {gm~ 1 g~ 1 \ g E G/H m } act differently in restriction on T, hence the row rank 
of G/H m x T matrix over L 

( 7 9 | S eG/ff m ;7er), 

equals n. Then its column rank of this matrix equals n as well, that finishes the proof of the 
second statement. 

The third and fours statement is proved by direct calculation 

(YX) ij= b^r^^a^v^). 
gec/H m 

n n 

((YX)Z)ij = ^2v li (ai)Mj = v 7i (^2ainij) = v 7i {bj). 

The last statement is obvious. □ 
Assume U(0 m ) contains a strictly ascending chain of right T-submodules 

k oo 

(5.18) M k = 5^[mtj]r, i = 1, 2, . . . , M = (J M k . 

i=l fe=l 

Fix 7i, . . . ,7 n from Lemma 5.3, (2) and the basis b\, . . . , b n from Lemma 5.3, (4). 

n 

Consider the decomposition ti — £ K. Then there exists 1 < I < n, such that the 

oo 

T-module Ti — ^lu C K is not finitely generated. In opposite case from notherianity of T and 

i=l 

n 

Mc ®Tj follows, that M is finitely generated. 

i=i 

Then ([bm]^i[m^ 1 M]) e — v 7l (M) = T ; , which is not finitely generated. Let S — O m -iO m . 

n 

Since m ±1 (F) C F there exists F — /i8j, 6 r®tT (by Lemma 5.2, (3)), which defines a 

i=l 

nonzero morphism P e s : U(S) — > U({e}) = U e . Then by Lemma 5.2, (3) 

n 

P^dbmMm-'M}) - 7 T ; c U e , 7 = 

i=i 

which means that U e is not finitely generated. □ 

Corollary 5.5. Let M be a group, F normal and noetherian, JVC • T = T, ipi,..., ip n 6l a set of 
generators of M as a semigroup, a\,...,a n £ f . Then the subalgebra U in X generated by T and 
[ai</?i], . . . , [a„<p„] is a Galois order over T. 

Proof. Since M ■ f = f any u <E U has a form u — [ a mm] , where all a m are in f . In particular, 

if u E U e then u = [a e e] where a e e K nr. Since T is normal U e = T. Applying Theorem 5.2, (2) 
we obtain the statement. □ 

The next corollary is a noncommutative analog of Proposition 2.2. 

Corollary 5.6. Let U Ci*Mfca Galois ring over noetherian T, M a group and F a normal 
k-algebra. Then the following statements are equivalent 
(1) U is a Galois order. 
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(2) r is a Harish- Chandra subalgebra and, if for u G U there exists a nonzero 7 G T such that 
■yu G T or uj G Y, then MET. 

Proof. Assume (1). Then T is a Harish-Chandra subalgebra by Corollary 5.4. If uj G T for u G U 
and 7 G T, then suppu = {e}, hence u G U e . Applying Corollary 5.3 we obtain (2). To prove the 
converse implication consider u G U e . Since U e C K (Theorem 4.1, (1)), there exists 7 G T, such 
that -fu G T. Thus, u G T. Theorem 5.2, (2) completes the proof. □ 

5.4. Filtered Galois orders. Let U be a Galois ring over a noetherian normal k-algebra Y. 

Suppose in addition that U is an algebra over k, endowed with an increasing exhausting filtration 

00 

{Ui}iez, U-i = {0}, U = k, UiUj c U i+ j and gr[/ = f7j/Z7j_i the associated graded algebra. 

i=0 

The filtration on T induces a degree "deg" both on U and grU. For u G U denote by u G gr£/ 
the corresponding homogeneous element and denote by grT the image of Y in gvU. 

Proposition 5.3. Assume gvU is a domain. If the canonical embedding 1 : grT grJ7 induces 
an epimorphism 

1* : SpecmgrC/ — > SpecmgrT 

then U is a Galois order over Y . 

Proof. We apply Corollary 5.6. Suppose y = xu ^ 0, y, x G T, u G U \ Y with minimal possible 
degy. Then y = xu ^ in gr U. By Proposition 2.2 u G grT. Hence u = z for some in z G T. 
Since z ^ 11, we have yi = xwi where u\ = u — z, y\ = y — xz. Then x,y\ G Y, u £ Y and 
degy 1 < degy. Obtained contradiction shows that u G Y. □ 

6. Gelfand-Kirillov dimension of Galois orders 

In this section we assume that M is a group of finite growth and Y is an affine k-algebra of 
finite Gelfand-Kirillov dimension. 

6.1. Growth of group algebras. Let = {Si C S2 C ■ ■ • C Sjy C . . . } be an increasing chain 
of finite sets. Then the growth of S 1 * is defined as 



(6.19) growth(S«) = lim logjv 



For s G S = [J Si set degs = i if s G Si \ Let {7i,...,7fe} be a set of generators 



i=0 



of T. For N G N denote by Yn C Y the subspace of Y generated by the products 7^ . . .7^, 
for all t < iV, ii,...,i t G {l,...,fe}. Let dr(N) = dim^rTv and let P>n(Y) be a basis in Yn 
(Bi{Y) = {71, . . . ,7fe}). Fix a set of generators of M of the form Mi = Vl U . . . UO Vn . For 
N > 1, let Mjy be the set of words w G M such that Z(w) < iV, where I is the length of w, i.e. 



(6.20) 



MAr +1 =MAr|j( |J ffi ■ M N 



Note that all sets Mat are G-invariant. Denote the cardinality of Mat by djft(N). Let M* = 
{Mi cM 2 C---cMatC...}. Then growth(M) is by definition growth(M„). 

Let T[M] be the group algebra of M. Assume, G acts on F[M], acting by M by conjugations 
and trivially on Y. Then the space F[M]at has a G-invariant basis 



N 

(6.21) B N (Y[M}) = \_\ □ Bi(Y)w. 

i=0 w£M.N-i, 
l(w)=N-i, 

and GKdimT[M] = growth B*(Y[M]). In particular (e.g. [MCR], Lemma 8.2.4) 

(6.22) GKdimr[M] - GKdimT + growth(M). 
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The growth of the chain B*(T[M])/G is equal to growth B*(r[M]), since 

|Biv(r[M])| > \B N (T[M])/G\ > ±-\B N (T[M])\. 

Without loss of generality we can assume that the Galois ring U is generated over T by a set 
of generators S = {[oiVi]> • • i ^n'y 9 ™]}- Set B\{U) = Bi(T) U S. As above, define the subspaces 
Un and dimensions du{N). For every N > 1 fix a basis Bn(U) of Un- 

6.2. Gelfand-Kirillov dimension. The goal of this section is to prove (under a certain condi- 
tion) an analogue of the formula (6.22) for Galois orders. 

Condition 1. For every finite dimensional k-vector space V C T the set M • V is contained in a 
finite dimensional subspace oft. 

Theorem 6.1. If U is a Galois T-ring which satisfies Condition 1 and M is a group of finite 
growth(M), then 

(6.23) GKdimC/ > GKdimT + growth(M). 
The proof of this result is based on the following lemmas. 

Lemma 6.1. If for some p, q £ Z and C > for any N £ N holds 

(6.24) d u ( P N + q)>Cd r[M] (N), 
then GKdimC/ > GKdimrpVC]. 

Proof. 

GKdimr[M] = lim \og N d rm] (N) < lim log^ du(pN + q) = 
lim log N+ du(pN + q) < lim log^ du(N) = GKdim U. 

N—k>o TV— -co 

□ 

Denote by N(i), i = 1,2,... the minimal number such that for any m £ Mi, U N ^ contains an 
element of the form [bm], 6^0. 

Lemma 6.2. (1) For every i = 1, . . . , n there exists a finite dimensional over k space Vi C T, 
such that for any x £ U and m £ suppx there exists y £ [ai<fi]ViX such that ipim £ suppy. 
Besides \ suppy| < |G|| suppx| and degy — degrr < d for some fixed d > 0. 

(2) For every k > 1 there exists t(k) > with the following property: for every j > 1 and 
u £ Uj, such that |suppu| < k and for any m £ suppu there exists a nonzero element 
[bm] £ U j+t{k) . 

(3) The sequence N(i + 1) — N(i), i = 1, 2, . . . is bounded. 

Proof. Let L(G/H Vi ) be the vector space over L with the basis, enumerated by cosets G/H v , 
ip £ M. Wc endow this space with the standard scalar product. Fix i, 1 < i < n and consider the 
nonzero vector 

g 

v{x) = (afxfy^^Jgea/H^ £ L(G/H Vi ). 
Then for any 7 £ T immediate calculation shows, that 
(6-25) {[<>WiYlx) Vim = v{x) ■ (l^) g eG/H Vt G L H ^. 

Since (fif,g £ G/H v arc different, there exist 71, . . . , 7fe £ T, k = \G/H Vi \, such that the k x k 
matrix (7^ ) j=i,...,fc ; is non-degenerated. Then we set Vi — (71, . . . , 7fe). Since the multiplication 

on 7 £ T, 7 7^ does not change the support, we obtain 

suppyj < fc| suppxj < \G\ I suppxj. 

As d we can choose the maximum of di = 1 + max{dcgt> | v £ Vi}, i = 1, . . . ,n. It proves (1). 

Now we prove (2). If suppu = G ■ m then u = [bm] for some b £ L Hm and there is nothing to 
prove. Fix some k > 2. Assume u = [cm] +v,m&' suppw, | suppwj < k — 1. For / £ T\ consider 
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the polynomial fs, (subsection 5.3, (5.14)) with S = suppu \ G ■ m. Applying Lemma 5.2 we 
obtain the element 

fs-u = f s -[cm]=[al[(f-f ms ~ 1 )m\. 

Since nonunit elements ms" 1 , s G S act nontrivially on T, there exists / G L 1 such that fs-uis 
nonzero. Then 

\s\ 

[6m] := f s ■ u = ?Xf |5h \ where T t = ]T . . . /*' G L. 

i=o res, 

T={ti,.. .,*(}, 

Due to Condition 1 all f*,t G S belong to a finite dimensional space V generated by {tpTi \ 

k 

ip G M} C T. Hence all T,-th belong to the finite dimensional space 

v(k) = TnJ2v l - Dcnote 

Cfc the maximal degree of elements from V(k). Then 

deg[6m] < max{degT jU /l 5 l- J | i = 0, . . . , \S\} < C k + j + \S\. 

Hence we can set t(k) = k + Ck- 

To prove (3) consider x — [cm] e J7jv(i), m e Mi. By (1) for given ipi G Mi there exists 

y G UN(i)+d such that ipm G suppy and suppy < \G\. Then by (2) UN(i)+d+t(\G\) contains an 

element of the form [btpim]. □ 

Now we are in the position to prove Theorem 6.1. Let D = d + t(\G\). The space Ui contains 
elements [a^], where ipi runs over Mi/G. Then, by Lemma 6.2, (3), J/d(jv-i)+i contains a set of 
the form Mat = {[c m m] |m G MAr,c m ^ 0}, hence J7£)(Ar_i) + 7v+i contains LatMjv- All elements 
from TatMat are linearly independent. But the set Bn(T[M]/G) is embedded into LatMat by 
setting 7[io] >— > 7[c w w], 7 G Tat, w G Mjv+i- Therefore, 

du(N(D + 1) + 1 - D) > \B N (T[M]/G)\ > -L\B N (T[M})\. 

|Cr| 

It remains to set p = D + 1, g = 1 — D, C = and apply Lemma 6.1. 

G 



7. Examples of Galois rings and orders 

7.1. Generalized Weyl algebras. Let <r be an automorphism of T of infinite order, X and Y 
generators of the bimodules T a -i and T a respectively, V — L CT -i © L CT , G = {e} and M is the 
cyclic group generated by a. Consider a Galois order U in K * M which is the image of some 
homomorphism r : r[V] — ► K * M of the form r(A) = axb^ u -1 , r(Y") = ayby^a for some 
ax, bx, ay, by G L \ {0}. We can assume ax = bx = 1. The element a = ayb Y x defines a 
2-cocycle (:ZxZ^ if*, such that £(— 1, 1) = a. The following statement is obvious. 

Proposition 7.1. U is a Galois order over T if and only if a G T. In this case U is isomorphic 
to a generalized Weyl algebra of rank 1 f[Ba]J, i.e. the algebra generated over T by X,Y subject 
to the relations 

XX = X a X, \Y = YX a , A G A; YX = a, XY = a a . 

7.2. Filtered algebras. Let U be an associative filtered algebra over k. 

Theorem 7.1. Suppose U is generated by u\, . . . ,u k over T, gr U a polynomial ring in N variables, 
M G AutL a group and /:{/—> X a homomorphism such that Usupp/(uj) generates M. If 

i 

GKdim T + growth M = N 
then f is an embedding and U is a Galois ring over T. 
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Proof. Note that f(U) is a Galois T-ring by Proposition 4.1. Also 

GKdim /(J/) > GKdimr + growth M = N 
by Theorem 6.1. Hence it is enough to prove that / = Ker/ equals zero. Assume 1^0. Then 

N = GKdimC/ = GKdimgr?/ > GKdimgr U/ gr I = GKdim f(U) > N 
which is a contradiction. □ 

Below in 7.2.1 Theorem 7.1 will be applied to construct examples of Galois rings. 

7.2.1. General linear Lie algebras. Let gl n be the general linear Lie algebra over k, eij,i,j = 
1, . . . , n its standard basis, U n its universal enveloping algebra and Z n the center of U n . Then we 
have natural embcddings on the left upper corner 

glj C glj C . . . C g[„ and induced embcddings U\ C U2 C . . . C U n . 

The Gelfand-Tsetlin subalgebra P in U n is generated by {Z m \ m — 1, . . . , n}, which is a polynomial 
algebra in n (" +1 ) variables. Denote by K be the field of fractions of P. In the paper [Zh] was 
constructed a system of generators {Ay | 1 ^ j < i < n} of T and the Galois extension A D T with 
the following properties. 

(1) A is the algebra of polynomial functions on £ algebra in variables {Ay | lij 6 k, 1 ^ j ^ 
i < n}, £ = Specm A. An element £ = (Ay — £y | £y £ k, 1 ^ j < i < n) of £ is usually 
written in the form of tableaux consisting of n rows 

^nl ^n2 ' ' ' ^nn 

^n— 1,1 ' ' ' £71— 



(7.26) 



*21 ^22 
4l 



(2) The product of the symmetric groups G = ]JSi acts naturally on £, where every Si 

i=l 

permutes elements of i-th row. This action induces the action of G on A. 

(3) P is identified with the invariants A G , such that 7y = cry (7^1 , . . . , 7^) where cry is the jth 
symmetrical polynomial in z variables. Denote by L the fraction field of A. Then L G = K 
and G = G(L/K) is the Galois group of the field extension K C L. 

(4) Denote by <5y £ £ a tableau whose ij-th element equals 1 and all other elements are 0. 

Let M ~ Z - ^ " be additive free abelian group with free generators <5 y , 1 ^ j ^ i ^ n — 1. 
Analogously to (7.26) the elements of M are written as tableaux. Then M acts on £ by 
shifts: 6 lJ ' ■ I = I + 5 lJ , S lj £ M. This action of M on £ induces the action on A and L, 
hence we can consider M as a subgroup in Aut L. Note that G acts on M by conjugations. 
As in Section 4 denote X = (L*M) G . 

In [Zh], Ch. X.70, Theorem 7, the Gelfand-Tsetlin formulae (in Zhclobcnko form) are given 
for the action of generators of g[„ on a Gelfand-Tsetlin basis of a finite dimensional irreducible 
representation. We show that these formulae in fact endow U(gl n ) with a structure of a Galois 
order (Proposition 7.2). We need the following corollary from the Gelfand-Tsetlin formulae (see 
[BL] or [DF02]). 

Theorem 7.2. Let f2 C £ be a set of tableaux I — [1^) such that £y — l V y £ Z for all possible 
pairs i,i',j,f, (i,j) ^ Consider a k-vector space T e with the basis M and with the action 

of = ek,k+i,Ej~ = ek+i,k, k = 1, . . . ,n - 1, given by the formulae 

k 

i=i 
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where m € M and 

(7.27) a 1,(1) - 



! II,, .('A, <>,)■ 



The action of an element 7 e T on the basis vector [£} is just the multiplication on -f(£) 6 k. 

Analogously to [O] we show, that the formulae (7.28) defines a homomorphism of U n to X. 

Proposition 7.2. U n is a Galois ring over T. This structure is defined by the embedding 1 : U — > 
X where 

k k 

(7.28) J (e fefe+1 ) = 5> w a+ = [<J fcl a+], *(e fc+lfc ) = ^(-^> H = [ M fel )a H ], 

i=l i=l 

± rij( A fe±ij - Afei) 
afei = T n^-A fci) ' /orfc = 1 '-' n - 

Proof. Let 5 be the multiplicative M-invariant subset in T, generated by Ay — Ay — fc for all 
possible with 7^ {i 1 where fc running Z, and As the corresponding localization. 

Then As * M has a structure of a As * M-bimodule and for every £ £ £1 = Specm As is defined a 
left As * M-module 

V e = (A s *M) ® As (A s /£). 

k 

Analogously the action from the left by elements V^(±£ fc *)a^(A), k = 1, . . . ,n — 1 defines on 

t=l 

V(£) the structure of the left [/-module, isomorphic to the module Ti from Theorem 7.2. These 
module structures define homomorphisms of k-algebras 

n : U — ► End k (Vi) and p e : A s * M — > End k (Vi), 

besides Imrg C Im^. Hence we have the diagonal homomorphisms of k-algebras 

A r : U — > Yl End k (y,) and A p : As * M — > JJ End k (^), 

again Im A r C Im A p . But A p is an embedding, since for every nonzero ieA s *M there exists Ve, 
such that x ■ Vg ^ 0. Hence the mappings (7.28) from Proposition 7.2 defines the homomorphism 
i : U — ► As * M. Note, that the elements in (7.28) belongs to 3C, hence i defines 1 : U — > X. To 
prove, that U is a Galois ring note, that U = U(qI„) is a filtered algebra, GKdimC/ = n 2 and 

^, T . ^ , ~s n(n + l) n(n — 1) 9 

GKdimT + growthM = -A_ — i + _L_ — i = n 2 . 

Applying Theorem 7.1 we conclude that 1 is an embedding and thus U is a Galois ring. 

Now we give here two different proofs of the fact that U is a Galois order. 

First method to prove that U = U(gt n ) is a Galois order is based on Proposition 5.3. Let 
X = (xij) be n x n- matrix with indetcrminates Xij, Xk its submatrix of size k x k, formed by 
the intersection of the first k rows and the first k columns of A, Xki (i < k) i-th coefficient of 
the characteristic polynomial of X k . In the case of U($l n ) corresponding graded algebra U can 
be identified with the polynomial algebra in the variables x^, 1 < i, j < n and the image of the 
canonical embedding 1 : gr T ^ gr U (see Proposition 5.3) is generated by Xfci, 1 < k < n;l < i < k. 
The Specm gr U in a natural way can be interpreted as the space nxn matrices. Besides the induces 
map i* : Specm gr U — > Specm gr T is the map 

C" 2 — ► C"<" +1 )/ 2 , A — ► ( Xkt (A k ) I k = l,...,n;i = l,...,k), 

defined in [KW]. It is known, that this map is an epimorphism ([KW], Theorem 1). Then 
Proposition 5.3 implies that U is a Galois order. 

Another method is based on the paper [01], where is was shown that the variety («*) _1 (0) is an 

J~l(j~l — \ ) 

equidimensional variety of dimension . Further, from this fact in [FOl] it is deduced that 
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U is free (both right and left) T-module. Applying now Corollary 5.2 we conclude that U(gl n ) is 
a Galois order. □ 

Realization of U(Ql n ) as a Galois order has some interesting consequences, in particular, the 

decomposition X ~ V{ip) of the localization X of U n by L \ {0}; structure of the tensor 

v eM/G 

category generated by V(ip)s, etc. These results will be discussed elsewhere. 

Remark 7.1. Realization of U($l n ) as a Galois order is analogous to the embedding o/ t/(g[„) 
into a product of localized Weyl algebras constructed in [Kh] . 

Remark 7.2. The developed techniques can be used effectively in the case of finite W -algebras. 
Let g = gl rn , f e Q, Q = ® jeZ ,Sj a good grading for f, i.e. f G g 2 and ad f is infective on Qj 
for j < — 1 and surjective for j > — 1. A non- degenerate invariant symmetric bilinear form (. , .) 
on g induces a non-degenerate skew-symmetric form on g_i defined by (x,y) = ([x,y], f). Let 
T C g-i be a maximal isotropic subspace and set t = © J -^_ 2 8j ® ^- Let \ '■ U(t) — ► C be the one- 
dimensional representation such that x (x, f) for any x G t, I x = Ker \ and Q X = U (g)/U(g)I x . 
Then 

End u{g) (Q x )°r. 

is the finite W -algebra associated to the nilpotent element / eg. 

It was shown in [BK] that any finite W -algebra (of type A) is isomorphic to a certain quotient 
of the shifted Yangian. It is parametrized by a sequence ir — (pi,ldots,p n ) with pi ^ • • • ^ p n . 
We denote the corresponding W -algebra by W(ir). Let = (pi, . . . ,Pk), k E {1, . . . , n}. Then we 
have the chain of subalgebras 

W{Tn) C W(ir 2 ) C • • • C W(ir n ) = W{ir). 

Denote by T the subalgebra of W(tt) generated by the centers of W{-Kk) for k = 1, . . . , n. 

Theorem 7.3 ([FMO], Theorem 6.6). W(n) is a Galois order overT. 

7.3. Rings of invariant differential operators. In this section we construct some Galois rings 
of invariant differential operators on n-dimcnsional torus k™ \ {0}. Let A\ be the first Weyl algebra 
over Ik generated by x and d and A\ its localization by x. Denote t = dx. Then 

A 1 ~ kft,^ 1 ] ~ k[t] * Z, 

where a G Autk[i], <r{t) = t — 1 and the first isomorphism is given by: x i— » a, d >—> to~ x . Let A n 
be the n-th tensor power of A\, 

A n ~k[t 1 ,...,t n ,o-t 1 ,...,o-± 1 ]~k[t 1 ,...,t n ]*Z n , 

where x i7 di are natural generators of the n-th Weyl algebra A n , t,- L — diX, L , Oi(tj) — tj — 5ij, 
i = 1, . . . ,n. Let S — k[ti, . . . ,t n ] \ {0}. Then in particular we have 

A4S- 1 } ~k(i!,...,i„)*Z". 

7.3.1. Symmetric differential operators on a torus. The symmetric group S n acts naturally on A n 
by permutations. Denote T = k[ti, . . . ,t n ] Sn . Then we immediately have 

Proposition 7.3. A^ n is a Galois ring over T in (k(t\, . . . , t n ) *Z") S " ; where 1 n acts on the 
field of rational functions by corresponding shifts. 

7.3.2. Orthogonal differential operators on a torus. The algebra A\ has an involution e such that 
e(x) — x~ x and e(d) = —x 2 d. On the other hand k[t] * Z has an involution: a ^ cr, t 2 — t. 
Then A\ and k[t] * Z are isomorphic as involutive algebras and the isomorphism is given by: 
x i ► (T, d i ^ ta^ 1 + 1 — cr~ 2 . Similarly we have an isomorphism of involutive algebras A n ~ 
k^,...,^,^ 1 ,...,^ 1 ] andk[ti,...,t n ]*Z n . 

Let W n be the Weyl group of the orthogonal Lie algebra O n . If n = 2p + 1 then the group 
W 2p +i — S p k Z^ acts on A p where S p acts by the permutations of the components and the 
normal subgroup Z?? is generated by the involutions described above. Consider a homomorphism 
r : Zj — > Z 2 such that (gi, . . . , g p ) 1— > g 1 + . . . + g p and and let N — Kerr ~ Z^ -1 . If n = 2p 
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then W 2p — S p K N with a natural action on A p . These actions induce an action of W n on 
k(ti, . . . , t n ) * Z n for any n. Let T = k[t\, . . . , t n ] Wn ■ Then we immediately have 

Proposition 7.4. Algebra of orthogonal differential operators on a torus is a Galois ring 

over r in (k(ii, . . . , t n ) * Z n ) Wn , where Jj n acts on the field of rational functions by corresponding 
shifts. 

7.4. Galois orders of finite rank. The following example provides a link between the theory of 
Galois orders and the theory of orders in the classical sense. 

Let A be a commutative domain integrally closed in its fraction field L, 9 C Aut L a finite 
subgroup, which splits into a semi-direct product of its subgroups S = G K M. Denote V = A G 
and K = L G . Then A is just the integral closure of T in L and the action of G on L * M is defined. 
A Galois order U C % over L will be called a Galois order of finite rank. 

Proposition 7.5. Let U C % be a Galois algebra of finite rank over T and E = L s . Then % is 
a simple central algebra over E and dim^^C = |M| 2 . 

Proof. Theorem 4.1, (4) gives the statement about the center, while Corollary 4.2 gives the state- 
ment about the simplicity. From (2.6), (2.9) and subsection 2.3 we obtain 

(7.29) dim K X = dim x (A-*M) G = ^ |0 V | = |M| 

ipeM/G ipeM/G 

both as a left and as a right AT-space structure. On other hand, diniE K = |M|, that completes 
the proof. □ 
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